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1 Introduction

This module deals with eigenvalues and eigenvectors. Eigenvalues and eigenvec-
tors are associated with a given square matrix. These are crucial to statistical
technique of principal component analysis (PCA). PCA deals with eigenvalues
and eigenvectors of dispersion matrices of random vectors. In what follows basic
definitions are provided and statements of theorems are given. At the concluding
section exercises are given to be solved by the learners.

2 Basic concepts and definitions

We have an unknown vector x and a square matrix A.

Consider the matrix equation

Ax = λx (1)

This means the product of a square matrix A with a vector x is some scalar
multiple of x. In other words, we are searching for such x and corresponding λ.

(1)⇒ Ax− λIx = 0 (2)

⇒ (A− λI)x = 0 (3)

⇒| A− λI |= 0 (4)

Definition 1 χA(λ) =| A− λI | is called the characteristic polynomial of
A.

Definition 2 χA(λ) = 0 is called the characteristic equation of A. This
polynomial equation has n roots. These roots are called the characteristic
roots of A.

Definition 3 Spectrum of A is the set of distinct characteristic roots of A.

Definition 4 A complex number λ is said to be an eigenvalue of A if there
exits a non-null vector xεCn such that (1) holds.

Definition 5 With reference to Definition 4, any non-null x is called an eigen-
vector of A corresponding to the eigenvalue λ.

Definition 6 By an eigenvector of A we mean an eigenvector corresponding
to some eigenvalue of A.
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3 Theorems

Eigenvalues and eigenvectors have interesting properties. some of are enunciated
in the following theorems.

Theorem 1 The number λ is an eigenvalue of A if, and only if, λ is a charac-
teristic root of A.

Theorem 2 Let f(β) be a polynomial and λ an eigenvalue of A. Then f(λ)
is an eigenvalue of f(A).

Theorem 3 For an idempotent matrix the eigenvalues are 0 or 1.

Theorem 4 The sum of the characteristic roots of A is trace(A) and the
product of the characteristic roots of A is | A |.

Theorem 5 Let λ1, λ2, ..., λk be distinct eigenvalues of A and let x1, x2, ..., xk
be the corresponding eigenvectors. Then, x1, x2, ..., xk are linearly independent.

4 Cayley - Hamilton theorem

Definition 7 A polynomial f(λ) is said to annihilate A if f(A) = 0.

Theorem 4 Cayley - Hamilton Theorem For every matrix A , the char-
acteristic polynomial of A annihilates A.
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5 Exercises

Ex 1 Show that if Ax = λx then Anx = λnx .

Ex 2 The characteristic roots of a 3×3 matrix A are known to be in arithmetic
progression. Determine the roots given that trace(A) = 15 and | A |= 80.

Ex 3 Determine the eigenvalues of the following matrices:

1. A =

 1 1

−1 3



2. B =

1 1

0 i



3. C =


1 0 2

0 −1 1

0 −1 0


Ex 4 Determine the inverse of matrix D by applying Cayley - Hamilton the-
orem

D =

cos(θ) −sin(θ)

sin(θ) cos(θ)
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