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1 LAB I: Modelling for the response variable
pertaining to a designed experiment

An investigator intends to estimate the effects of fives
types of fertilizers (to be called as treatments hereafter)
on the yield of sugarcane.The description of the fertiliz-
ers is provided as follows:

1. Type - A : No manure

2. Type - B : An inorganic manure

3. Type - C : Farmyard manure I

4. Type - D : Farmyard manure II

5. Type - E : Farmyard manure III

Designing an experiment An experiment is designed for the
intended investigation. Twenty five plots of land are se-
lected for the propose. All the plots have same area. Five
plots are allocated at random to each of the treatments.
The yields with treatments for the plots numbered 1, 2,
3, ..., 25 are as follows:

1 (A, 52.5), 2 (E, 46.3), 3 (D, 44.1), 4 (C, 48.1), 5(B,
40.9)
6 (D, 44.2), 7 (B, 42.9), 8 (A, 51.3), 9 (E, 49.3), 10 (C,
32.6)
11 (B, 49.1), 12 (A, 47.3), 13 (C, 38.1), 14 (D, 41.0), 15
(E, 47.2)
16 (C, 43.2), 17 (D, 42.5), 18 (E, 67.2), 19 (B, 55.1), 20
(A, 45.3)
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21 (E, 47.0), 22 (C, 43.2), 23 (B, 46.7), 24 (A, 46.0), 25
(D, 43.2)

A model for yield As evident from the data there is vari-
ation among the yields. An explanation for the obser-
vations may be provided by conceptualizing a model hat
can explain this variation. A plausible expatiation may
be that different types of fertilizers produce different
yields. however, the yields corresponding to a treatment,
say, A too differ from one plot to another. This is the
case with rest of the treatments. This indicates that
there are present some factors that cannot be accounted
for and, therefore, may be treated as random errors. It is
obvious that in the absence of any treatment the yields
would not be zero. Therefore, yield from a plot is a com-
bined effect of the general effect, the type of fertilizer
and a random cause. To keep the things simple one may
assume that the effects of all these determining factors
(explanatory variables) combine in a linear way to result
into the respective yields. The linear model for the yield
is, therefore, as follows:

yij = µ+ τi + εij

i takes values A, B, C, D and E whereas j takes values
1, 2, 3, 4 and 5.
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Here yij denoted the yield for ith treatment and jth

replicate of the ith treatment. τi denoted effect of the ith

treatment. µ denoted the general effect. Lastly, εij is the
random error corresponding to yij in the model.

> library(matlib)

> # The responses and the response vector Y

> Y <- c(52.5, 46.3, 44.1, 48.1, 40.9,

+ 44.2, 42.1, 51.3, 49.3, 32.6,

+ 49.1, 47.3, 38.1, 41.0, 47.2,

+ 43.2, 42.5, 67.2, 55.1, 45.3,

+ 47.0, 43.2, 46.7, 46.0, 43.2)

> # The indicators arranged rowwise

>

> a <- c(1, 1, 0, 0, 0, 0,

+ 1, 0, 0, 0, 0, 1,

+ 1, 0, 0, 0, 1, 0,

+ 1, 0, 0, 1, 0, 0,

+ 1, 0, 1, 0, 0, 0,

+

+ 1, 0, 0, 0, 1, 0,

+ 1, 0, 1, 0, 0, 0,

+ 1, 1, 0, 0, 0, 0,

+ 1, 0, 0, 0, 0, 1,

+ 1, 0, 0, 1, 0, 0,

+

+

+ 1, 0, 1, 0, 0, 0,

+ 1, 1, 0, 0, 0, 0,

+ 1, 0, 0, 1, 0, 0,

+ 1, 0, 0, 0, 1, 0,
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+ 1, 0, 0, 0, 0, 1,

+

+ 1, 0, 0, 1, 0, 0,

+ 1, 0, 0, 0, 1, 0,

+ 1, 0, 0, 0, 0, 1,

+ 1, 0, 1, 0, 0, 0,

+ 1, 1, 0, 0, 0, 0,

+

+ 1, 0, 0, 0, 0, 1,

+ 1, 0, 0, 1, 0, 0,

+ 1, 0, 1, 0, 0, 0,

+ 1, 1, 0, 0, 0, 0,

+ 1, 0, 0, 0, 1, 0

+

+ )

> # Creating the Design Matrix A

> A <- matrix(data = a, nrow = 25, ncol = 6, byrow = TRUE, dimnames = NULL)

> # Creating the Transpose of A

> AI <- t(A)

> AI

[,1] [,2] [,3] [,4] [,5] [,6] [,7] [,8] [,9] [,10] [,11] [,12] [,13] [,14]

[1,] 1 1 1 1 1 1 1 1 1 1 1 1 1 1

[2,] 1 0 0 0 0 0 0 1 0 0 0 1 0 0

[3,] 0 0 0 0 1 0 1 0 0 0 1 0 0 0

[4,] 0 0 0 1 0 0 0 0 0 1 0 0 1 0

[5,] 0 0 1 0 0 1 0 0 0 0 0 0 0 1

[6,] 0 1 0 0 0 0 0 0 1 0 0 0 0 0

[,15] [,16] [,17] [,18] [,19] [,20] [,21] [,22] [,23] [,24] [,25]

[1,] 1 1 1 1 1 1 1 1 1 1 1

[2,] 0 0 0 0 0 1 0 0 0 1 0
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[3,] 0 0 0 0 1 0 0 0 1 0 0

[4,] 0 1 0 0 0 0 0 1 0 0 0

[5,] 0 0 1 0 0 0 0 0 0 0 1

[6,] 1 0 0 1 0 0 1 0 0 0 0

> # Creating H

> H <- AI %*% A

> H

[,1] [,2] [,3] [,4] [,5] [,6]

[1,] 25 5 5 5 5 5

[2,] 5 5 0 0 0 0

[3,] 5 0 5 0 0 0

[4,] 5 0 0 5 0 0

[5,] 5 0 0 0 5 0

[6,] 5 0 0 0 0 5

> # Determining the g-inverse of H

> HG <- Ginv(H)

> # Produt of A-transpose and Y

> C <- AI %*% Y

> # The solution of the Normal Equations

> S <- HG %*% C

> S

[,1]

[1,] 51.40

[2,] -2.92

[3,] -4.62

[4,] -10.36

[5,] -8.40

[6,] 0.00

>
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Understanding the Result We note that there are six val-
ues provided. These are estimates of the six parameters
of the conceptualised linear model, namely, the general
mean and the effects of five types of fertilisers. Also,
note that the last estimate is forced to 0 (to be called
as a reference category) so as to interpret the rest of the
effects relative to the last one.
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2 LAB II

Suppose in the above data fertility level differs along the
length of plots. The fertility levels are L1, L2, L3, L4
and L5. The data with added information is represented
as follows

1 (L1, A, 52.5), 2 (L1, E, 46.3), 3 (L1, D, 44.1), 4 (L1,
C, 48.1), 5(L1, B, 40.9)

6 (L2, D, 44.2), 7 (L2, B, 42.9), 8 (L2, A, 51.3), 9 (L2,
E, 49.3), 10 (L2, C, 32.6)

11 (L3, B, 49.1), 12 (L3, A, 47.3), 13 (L3, C, 38.1), 14
(L3, D, 41.0), 15 (L3, E, 47.2)

16 (L4, C, 43.2), 17 (L4, D, 42.5), 18(L4, E, 67.2), 19
(L4, B, 55.1), 20 (L4, A, 45.3)

21 (L5, E, 47.0), 22 (L5, C, 43.2), 23 (L5, B, 46.7), 24
(L5, A, 46.0), 25 (L5, D, 43.2)

Model the data and estimate the effects of types of
fertilisers ad the types of fertility levels.
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3 LAB III: Estimation of Parameters of a Gamma
Distribution

Maximum Likelihood Method of Estimation

Often it is required to have some understanding about
a characteristic of some existing population / hypotheti-
cal population. For our inability to gather the necessary
information from the population we draw samples from
the population. These samples are then utilised in such
a way so as to attain the goal. This is achived through
scientifically designed procedures.

Most often, the information required out of a popu-
lation is in the form of certain aggregate measures or
their functions. The relised sample form the population
is drawn in accordance to some pre defined probalistic
procedure. In other words the procedure for drawing a
sample is by conducting a random experiment. The ex-
pression for the probability of the outcome of the realised
sample, can, thereore be formulated.

These formuation often can be identified with expres-
sions of popular joint PMFs / PDFs. Obviously with
unknown parameters. Such an expression is technically
referred to as Likelihood Function. The unknown
parameters are key to the information that is sort out
of the population. Hence, Estimation of the unknown
parameters is of utmost importance to a researcher.
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The Method of Maximum Likelihood is one among
a variety of mehods for estimaton of parameters. It is
deveoped on the idea that the sample that has been re-
alised is the most probable event to happen. Hence, the
whole exercise is to determine the unknown parameters
in such a way so as to maximise the vaue of the Likeli-
hood Function. The techniques of maximisation that
are available using differential calculus may be aplied for
the purpose. Sometmes the derivatives involved are in-
tractable to the extent that Numerical Techniques
need to be applied. R contains packages namely, bbmle,
stats4 functions, namely, mle(), mle2() and optim()
to prform such intensive computations.

The estimators so obtained by the method discussed in
the previous paragraph are funcions of a random sample.
These are random variables with expectation and vari-
ance. A researcher is interested in these constants for
their implications on unbiasedness and efficiency. Large
sample (asymptotic) properties of ML Estimators pro-
vide expression for the variance / covariance matrix of
the estimators / set of estimators. The dispersion ma-
trix of the estimators is given by the following expression:

(
−E

(
∂2L(θ)

∂θi∂θj

))−1

The expression for this matrix has to be derived for
the problem under inestigation. The elements are func-
tions of unknown parameters. However, these can be
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estimated utilising the invariance property of the ML
Estimates. Following are some selected problems that
utilise this method.

The following table provides the 109 observed time in-
tervals in days between 110 explosions in mines, involving
10 men killed, from 6 decembe 1875 to 29, May 1951.

378 36 15 31 215 11 137 4 75 364

15 72 96 124 50 120 203 176 37

55 93 59 315 59 61 1 13 156

189 345 20 81 286 114 108 188 129

233 28 22 61 78 99 326 275 29

54 217 113 32 23 151 361 312 7

354 58 275 78 17 1205 644 467 18

871 48 123 457 498 49 131 182 1357

255 195 224 566 390 72 228 271 217

208 517 1613 54 326 1312 348 745 1630

217 120 275 20 66 291 4 369 47

338 336 19 329 330 312 171 145 19

It is known that the observed time - intervals are gov-
erned by some gamma law.

f(x) = 1
ba

1
Γ(a)x

a−1e−
x
b

The parameters of the law (distribution), here, a and
b are therefore required to be estimated. The techniques
of differential calculus are not of much utiluity as one of
the partial derivative of L() is intractable. Therefore, we
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shall utilize the function mle() from the stats4 package
to find the ML Estimates. The steps are as follows:

1. Enter the data.

2. Define a function that gives the negative of log like-
lihood of the realized data.

3. Call the function mle() from the stats4 package.

4. Print the results obtained in the previous step.

Step-I

> library(stats4)

> x <- c(378, 36, 15, 31, 215, 11, 137, 4,

+ 15, 72, 96, 124, 50, 120, 203, 176,

+ 55, 93, 59, 315, 59, 61, 1, 13,

+ 189, 345, 20, 81, 286, 114, 108, 188,

+ 233, 2, 22, 61, 78, 99, 326, 275,

+ 54, 217, 113, 32, 23, 151, 361, 312,

+ 354, 58, 275, 78, 17, 1205, 644, 467,

+ 871, 48, 123, 457, 498, 49, 131, 182,

+ 255, 195, 224, 566, 390, 72, 228, 271,

+ 208, 517, 1613, 54, 326, 1312, 348, 745,

+ 217, 120, 275, 20, 66, 291, 4, 369,

+ 338, 336, 19, 329, 330, 312, 171, 145,

+ 75, 364, 37, 19, 156, 47, 129, 1630,

+ 29, 217, 7, 18, 1357)

Step-II Include only the unknowm parameters while
declaring the arguments of the function.
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> NLLgamma <- function(a, b){

+ R <- dgamma(x, shape = a, scale =b, log = TRUE)

+ nll <- - sum(R)

+ }

Step-III Note that some initial guesses are provided
for the parameters to be estimated. If the guesses are
too far away from the actual ones the solutions may not
be obtained.

> fit <- mle(NLLgamma, start = list(a = 200, b = 0.5), method = "L-BFGS-B", lower = c(0, 0), upper = c(Inf, Inf))

>

Step-IV

> fit

Call:

mle(minuslogl = NLLgamma, start = list(a = 200, b = 0.5), method = "L-BFGS-B",

lower = c(0, 0), upper = c(Inf, Inf))

Coefficients:

a b

0.8047322 299.1136823
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4 LAB IV

Here is a random sample drawn from Weibull distribu-
tion. The pdf for the same is given as follows:

f(x) = (ab )(
x
b )
a−1exp− (xb )

a

Here a is the shape parameter and b is the scale pa-
rameter.

The sample consists of the time (in days) between suc-
cessive breakdowns of a make of computer terminal. The
data were collected from many machines of each type
over a period of two years.

34 22 28 321 7 246 58 21 138 3

175 8 165 30 7 74 4 48 11 12

23 55 28 9 46 196 151 15 112 24

63 28 32 311 74 5 29 160 69 42

23 3 26 298 128 4 97 2 8 4

42 23 2 5 3 35 140 25 39 32

31 330 76 56 21 7 82 146 148 91

Estimate is unknown parameters of the model.
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5 LAB V: Estimation of Parameters: Hypergeo-
metric / Multivariate Hypergeometric Model

The census of 2011 indicates that there are 159 vil-
lages in the Anuppur sub-district. These small (popula-
tion < 100), medium (population between 100 and 500)
and large (population > 500) sized villages are randomly
scattered across the geographical boundaries of the re-
gion.

A random sample of 25 villages is drawn from the this
population. The sample distribution of house types if as
follows:

S. No. Village Type Frequency

1 Small 05

2 Medium 13

3 Large 07

4 All 25

We are interested in estimating the proportion, and
hence, the number of the small, the medium and the
large villages in the region.

Propose a probability model for the realized sample.
Based upon the proposed model estimate the required
proportions and numbers.
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Analysis

It is known that there are only three types of villages in
the Anuppur sub-district. Let out of 159 (N) villages N1,
N2 and N3 denote the actual number of small, medium
and large villages. Here,

N1 + N2 + N3 = N

n1 + n2 + n3 = n

pi = Ni

N

where, i = 1, 2, 3.

A random sample of 25 (n) results in 05 (n1) small
, 13 (n2)medium and 07 (n3) large sized villages. The
probability of realization of such a sample is

P (N1 = n1, N2 = n2, N3 = n3) =
(N1Cn1)(

N2Cn2)(
N3Cn3)

(NCn)

This probability may be expressed as

P (N1 = n1, N2 = n2) =
(N1Cn1)(

N2Cn2)(
N−N1−N2Cn−n1−n2)

(NCn)
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An alternative expression in terms of proportions is

P (N1 = n1, N2 = n2) =
(Np1Cn1)(

Np2Cn2)(
N(1−p1−p2)Cn−n1−n2)

(NCn)

The model corresponds to a multivariate hypergeomet-
ric model. It is to be noted that the model is univariate /
multivariate hypergeometric type when sample is drawn
from a finite population. In case of large / infinite popu-
lations multinomial probability models are more appro-
priate.
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The likelihood function l(p1, p2) and the log-likelihood
L(p1, p2) are given as follows:

l(p1, p2) =
(159p1C5)(159p2C13)(159(1−p1−p2)C7)

(159C25)

L(p1, p2) = log
(

159p1C5

)
+log

(
159p2C13

)
+log

(
159(1−p1−p2)C7

)
−

log
(

159C25

)

The techniques of maximization based on derivatives
are of little utility for the derivatives of L(p1, p2) are in-
tractable. Therefore, the optim() function may be uti-
lized for maximization of L(p1, p2). This is achieved by
minimizing −L(p1, p2). Note that due to obvious reasons
the functions mle() and mle2() are not utilized for the
purpose. To sum up the discussion, the steps involved
are as follows:

1. Define the function that has to be maximized.

2. Define the negative of the function defined in Step 1.

3. Call the optim() function.

4. Print the summary.
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Steps - 1 and 2

> myfunction <- function (d) {

+

+ a <- d[1]

+ b <- d[2]

+ LL <- log(choose(159*a, 5) * (choose(159*b, 13)) * (choose(159*(1-a-b), 7))

+ / choose(159, 25))

+ NLL <- - LL

+ return(NLL)

+

+ }

>

Step - 3

> mymlest <- optim(par <- c(0.21, 0.30), fn = myfunction , method = "L-BFGS-B",

+ lower = c(0, 0), upper = c(0.25, 0.60))

>

Step - 3

> mymlest

$par

[1] 0.1987328 0.5217723

$value

[1] 3.149851

$counts

function gradient

8 8
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$convergence

[1] 0

$message

[1] "CONVERGENCE: REL_REDUCTION_OF_F <= FACTR*EPSMCH"

> round(mymlest$par, 2)

[1] 0.20 0.52
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6 LAB VI

The census of 2011 indicates that there are 69 villages
in the Kotma sub-district. These small (population <
100), medium (population between 100 and 150) and
large (population> 150) sized villages are randomly scat-
tered across the geographical boundaries of the region.

A random sample of 20 villages is drawn from the this
population. The sample distribution of house types if as
follows:

S. No. Village Type Frequency

1 Small 06

2 Medium 03

3 Large 11

4 All 20

We are interested in estimating the proportion, and
hence, the number of the small, the medium and the
large villages in the region.

Propose a probability model for the realized sample.
Based upon the proposed model estimate the required
proportions and numbers.
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7 LAB - VII

Given a random sample of heights. The study requires
the following problems to be addressed

1. The sample median is to be studied for its distribu-
tional properties.

2. The inherent biasedness of the estimator for esti-
mating the population median.

3. α % confidence intervals for the population median.

Re-sampling Techniques: Bootstrapping A Statistic is a func-
tion of sample observations. Many Statistics can be de-
fined for a given sample. Some of these may also be
used as Estimators. We are concerned with random
samples only. Their properties are properties of their
probability distributions, that includes the form, the ex-
pected value, the standard error to describe a few. Often
these properties can be theoretically derived if the form
of parent distribution is known. For example, the dis-
tributional properties of sample mean(a statistic) can
be deducted for a sample drawn out of a normal popula-
tion. However, this is not feasible in general situations.
For example, if the parent distribution is unknown or the
statistic is a complicated function of sample, deriving the
distributions of the statistic becomes intractable. Boot-
strapping is utilized when we are stuck in such kind of
situations.
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Bootstrapping is a computation intensive technique
that helps derive distributional properties of the statistic
under investigation. It involves the following steps

1. Considering the realized sample as a population draw
a large number of random samples with replacement
(bootstrap samples).

2. Calculate the value of he statistic from each of the
bootstrap samples.

3. The sampling distribution of the statistics can now
be studies after performing the computations in Step
2.

In a nutshell, the basic question addressed by
the bootstrapping technique is that if the distri-
bution of a statistic could not be traced how to
get that computationally.
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Solution The steps involved are as follows:

1. Include the package boot from R Library.

> library(boot)

2. Get the dataset. The data set may be a vector, a
data frame or a matrix.

> # data from a randomly drawn sample

> height<-c(169.0,166.7,159.9,157.8,169.9,158.9,171.7,

+ 171.7,160.4,167.5,161.0,168.8,167.8,

+ 164.0,167.4,167.8,165.2,163.5,170.4,159.0,

+ 158.1,157.6,159.2,167.7,170.2,169.0,

+ 157.5,161.5,165.8,168.3,169.3,164.5,166.7,

+ 165.0,159.7,158.9,168.9,163.9,163.9,

+ 162.0,165.2,167.4,172.8,168.2,166.8,163.5,

+ 159.3,163.1,168.9,166.3,164.5,162.1,

+ 182.0,158.5,183.5,163.5,170.1,167.7,157.4,

+ 164.9,172.6,169.7,154.2,161.8,156.5,

+ 161.7,145.6,162.2,162.2,162.0,165.5,167.2,

+ 159.8,169.0,165.3,158.0,169.5,169.2,

+ 161.5,166.7,162.6,171.3,166.7,168.0,160.8,

+ 168.0,156.0,169.0,172.5,171.1,168.2,

+ 171.9,165.4,163.0,163.1,157.6,160.9,152.5,

+ 167.9,167.9,164.2,167.5,164.2,171.7,

+ 167.7,168.1,164.4,165.2,163.5,176.4,160.9,

+ 164.2,161.0,158.4,171.4,159.5,162.7,

+ 160.5,171.7,163.7,162.3,168.7,171.6,167.0,

+ 169.5,163.7,162.5,166.8,166.8,160.2,

+ 163.9,171.0,156.4,170.0,161.4,160.5,173.2,

+ 174.2,161.0,161.4,165.4,160.0,156.9,
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+ 164.9,167.3,159.5,165.2,160.8,170.1,166.4,

+ 168.1,160.3,157.5,160.5,157.5,160.5,

+ 170.3,167.0,171.3,162.2,162.2,169.4,170.0,

+ 166.6,160.5,160.6,168.0,155.9,162.0,

+ 161.4,172.2,156.0,163.2,172.0,152.6,167.1,

+ 161.3,170.1,158.7,167.0,178.4,165.5,

+ 159.6,164.0)

>

3. Define a function that returns the value of the statis-
tic under investigation.

> # defining the statistics - the Median

> bootfn1 <- function(x,i){

+

+ s1 <- median(x[i])

+ s1

+ }

>

4. Call the boot() function.

> # bootsrapping using the boot() function

> b1 <- boot(height, bootfn1, R = 10000 )

>

5. Extract the results from the boot object.

> # Determining the contents of the "R object" b1 by utilising the finction attributes()

> attributes(b1)

$names

[1] "t0" "t" "R" "data" "seed" "statistic"

[7] "sim" "call" "stype" "strata" "weights"
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$class

[1] "boot"

$boot_type

[1] "boot"

> # Assessing the elements of b1 by b1$

>

> b1$t0

[1] 164.9

> # note that t stores all the outputs in the form of a vector / matrix

>

> # important outputs of bootstrapping - bias and standard error - the 95 % Confidence Interval

>

> b1

ORDINARY NONPARAMETRIC BOOTSTRAP

Call:

boot(data = height, statistic = bootfn1, R = 10000)

Bootstrap Statistics :

original bias std. error

t1* 164.9 -0.108105 0.6321491

> plot(b1)

> boot.ci(b1, conf=0.95, type="basic")
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BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS

Based on 10000 bootstrap replicates

CALL :

boot.ci(boot.out = b1, conf = 0.95, type = "basic")

Intervals :

Level Basic

95% (163.4, 166.1 )

Calculations and Intervals on Original Scale

> # How does the sampling distribution looks like

>

> plot(density(b1$t), lwd=3, col="red", main = "Density Plot of the Statistic")

> abline(v=b1$t0, lwd=3, col='green')

>
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8 LAB VIII

Given a random sample of heights (same as in Problem
1). The study requires the following problems to be ad-
dressed

1. The sample range, i.e.the difference between the max-
imum value and the minimum value, is to be studied
for its distributional properties.

2. The inherent biasedness of the estimator for esti-
mating the population median.

3. α % confidence intervals for the population median.
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9 LAB IX

Modeling the Likelihood as a Multinomial Model

Problem The census of 2011 indicates that there are 159
villages in the Anuppur district. These small (popula-
tion < 145), medium (population between 145 and 275)
and large (population > 275) sized villages are randomly
scattered across the geographical boundaries of the re-
gion.

A random sample (with replacement) of 49 villages
is drawn from the this population. The sample distribu-
tion of house types if as follows:

S. No. Village Type Frequency

1 Small 10

2 Medium 28

3 Large 09

4 All 47

We are interested in estimating the proportion, and
hence, the number of the small, the medium and the
large villages in the region.

Propose a probability model for the realized sample.
Based upon the proposed model estimate the required
proportions and numbers.

29



Analysis It is given that there are three categories of
houses in the Anuppur district. Further the sample is
drawn with replacement. It means that the probabil-
ity of selection of a particular type of house remains the
same at each draw. Thus, the probability of realization
of n1, n2, n3 number of houses of respective types in a
random draw is described by the Multinomial Prob-
ability Model. Hence, the likelihood function for the
realized sample is given as follows:

Likelihood Function:
(n)!

(n1!)(n2!)(n3!)(p1)
n1(p2)

n2(p3)
n3

Since, p1 + p2 + p3 = 1, the likelihood function may,
alternatively be expresses as

(n)!
(n1!)(n2!)(n3!)(p1)

n1(p2)
n2(1 − p1 − p2)

n3

Random Sample: (n1, n2, n3)

Unknown Parameter Vector: θ = (p1, p2)

The log-likelihood: L(p1, p2) = log
(

n!
(n1!)(n2!)(n3!)

)
+n1log(p1)+

n2log(p2) + n3log(1 − p1 − p2)

The Likelihood Equations
∂L(θ)
∂θ = 0
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n1p1 − n3
p3

n2
p2

− n3
p3

 =

0

0



The Maximum Likelihood Estimator of θ θ̂ =

n1n
n2
n


Negative of Expected Value of the Information Matrix

−E
(
∂2L(θ)
∂θ2

)
=

[
n
p1

+ n
p3

n
p3

n
p3

n
p2

+ n
p3

]

The Covariance Matrix of the ML Estimators cov(θ̂) =

[
n
p1

+ n
p3

n
p3

n
p3

n
p2

+ n
p3

]−1
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Solution The unknown parameters can be estimated. The
solutions of the likelihood equations provide the ML Esti-
mates. Moreover, the elements of the covariance matrix
are functions of the unknown parameters. Since these
are continuous functions of the parameters, by the in-
variance property of MLE, their estimates are given by
corresponding functions of ML Estimators.

The steps involved are as follows:

1. Compute the ML Estimates utilizing the realized
sample.

> # the data

>

> d2 <- c(9, 28, 10)

> # n the size of the sample

>

> n <- sum(d2)

> # the MLE of p1 and p2

>

> p1hat <- d2[1] / n

> p2hat <- d2[2] / n

> # Estimation of p3

>

> p3hat <- 1 - p1hat -p2hat

>

>

2. Substitute the estimates for the parameters in the
negative of expected Information Matrix.

32



> # the negative of the expectation of Information Matrix

>

> # the elements

>

> a11 <- (n/ p1hat) + (n / p3hat)

> a12 <- (n / p3hat)

> a21 <- (n / p3hat)

> a22 <- (n/ p2hat) + (n / p3hat)

> # the matrix

>

> M <- matrix(c(a11, a12, a21, a22), nrow = 2, ncol = 2, byrow = TRUE)

> M

[,1] [,2]

[1,] 466.3444 220.9000

[2,] 220.9000 299.7929

>

>

3. Invert the matrix obtained in Step 2.

> # inverting M to get the covariance matrix

>

> C2 <- solve(M)

> C2

[,1] [,2]

[1,] 0.003294068 -0.002427208

[2,] -0.002427208 0.005124105

> round(C2, 4)
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[,1] [,2]

[1,] 0.0033 -0.0024

[2,] -0.0024 0.0051

>

>
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10 LAB X

Prolem In a random sample of size 120, drawn out of a
very large population, the data on residential preferences
were collected. The frequency distribution of residential
preferences is as follows:

Apartments Villas Country House

28 56 36

We are interested in estimating the proportion of
people in the population for residential preference. Esti-
mate the variance of the estimates.
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